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Abstract 
Landman, B.M., Ramsey functions related to the van der Waerden numbers, Discrete 
Mathematics 102 (1992) 265-278. 
Ramsey functions similar to the van der Waerden numbers w(n) are studied. If A’ is a class of 
sequences which includes the n-term arithmetic progressions, then we define w’(n) to be the 
least positive integer guaranteeing that if {l, 2, . , w’(n)} is 2-colored, then there exists a 
monochromatic member of A’. We consider increasing sequences of positive integers 
{xi, , x,} which are either arithmetic progressions or for which there exists a polynomial 
p(x) with integer coefficients satisfying p(q) = .qcl. Various further restrictions are placed on 
the types of polynomials allowed. Upper bounds are given for the corresponding functions 
w’(n). In addition, it is shown that the existence of somewhat stronger bounds on w’(n) would 
imply similar bounds for w(n). 
1. Introduction 
One of the more difficult problems in Ramsey theory has been the estimation 
of the van der Waerden numbers. In 1927, van der Waerden [lo] proved that 
given a positive integer n, there exists a least positive integer w(n) which 
guarantees that if { 1,2, . . . , w(n)} is partitioned into two sets, then at least one 
of the sets contains an arithmetic progression of length n. The only known 
nontrivial values of w(n) are w(3) = 9, w(4) = 35, and w(5) = 178 (see [2] and 
[9]). Until very recently, all known proofs of van der Waerden’s theorem gave 
upper bounds on w(n) that were so weak that they were not even primitive 
recursive functions of n( see [3,10-111 and [4, Ch. 21). In a major breakthrough 
by Shelah [8], the question of whether there exists a primitive recursive upper 
bound on w(n) has finally been answered, in the affirmative. The bound Shelah 
obtains is still rather ‘large’. For example, it is still unknown if w(n) is bounded 
above by a tower of n 2’s. On the other hand, the best lower bound for w(n) is 
w(p + 1) 2~2~ for p a prime [l]. 
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If, in the definition of w(n), we substitute for the class 9 of arithmetic 
progressions, a class 9’, containing 9, and define w’(n) to be the Ramsey 
number corresponding to 9’ instead of 9, it is clear that w’(n) c w(n). It is 
conceivable that an 9’ can be defined large enough so that a reasonable upper 
bound on w’(n) can be found, but small enough so that knowledge about w’(n) 
would lead to knowledge about w(n). This idea was first considered in [6] and [7] 
where the authors gave upper bounds, as well as several specific values, for 
functions analogous to w(n) by using as 9’ the class of sequences of positive 
integers which are generated by the iteration of a polynomial with integer 
coefficients. Further progress was made in [5] where a smaller class of sequences, 
called q-sequences, still containing the arithmetic progressions, was studied. An 
upper bound was given for q(n). In addition, it was shown that the existence of a 
certain stronger upper bound for q(n) would imply the existence of a similar 
bound for w(n). The gap between the known bound for q(n) and the ‘desired’ 
bound was still fairly wide. In this paper we look at various classes of sequences 
which are even closer to the class of arithmetic progressions than those previously 
studied. We considerably narrow the gap between the known bounds and desired 
bounds; as one consequence, we sharpen the upper bound on q(n). 
The following notation and terminology will be used. We denote {1,2, . . _ , m} 
by [l, m]. A Z-coloring of [l, m] is a function x:[l, ml+ (0, l}. A set S is 
monochromatic under a 2-coloring x if x is constant on S. A strictly increasing 
sequence of positive integers X = {xi, . . . , x,}, n 2 3, is a p-sequence if there 
exists a polynomial A(x) with integer coefficients such that A(xi) = xi+1 for 
i=l,..., IZ - 1. We say A generates X, and call A a p-function. If such an A 
exists having degree at most r, X is called a p,-sequence. It is clear that every 
arithmetic progression is a p,-sequence for all r 2 1. A q-sequence of length n is a 
p,-sequence which is either an arithmetic progression or for which A has degree 
exactly II - 2. The symbol au(n) will denote the least positive integer guaranteeing 
that if [l, a(n)] is 2-colored, then there exists a monochromatic m-sequence of 
length n. 
In [6] it was shown that p_*(n) c n !(n--2)!‘2. In [5], this same bound was 
obtained for q(n). It was also shown that if for all rr 2 7, 
n-2 
q(n) s 2”_’ + n (2”_2 - 2-i) = 2n2++3[1 + o(l)], 
i=l 
then it would follow that 
n-1 
w(n) =G 2” + I-I (2n-l- 2’9. 
i=l 
In order to get more information about w(nj we will consider the following 
(more restrictive) types of sequences. X = {xi, . . . , x,} is a r-sequence if 
{Xl, . . . 3 xi} is a q-sequence for all i = 3, . . . , n. For d E Z+, q,-sequence of 
length n is a q-sequence which is either an arithmetic progression or for which the 
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leading coefficient of A is at least d. If f(i) E H+ for i 2 3, then an rt-sequence is a 
sequence {x1, . . . , x,} such that {x1, . . . , xi} is a qf(,,-sequence for i = 3, . . . , n. 
2. Bounds 
In this section we obtain upper bounds for several types of r--sequences. We 
first summarize the relationships among the functions w(n), rr(n), qJn), q(n), 
and ~“_~(n). All of the inequalities in the next theorem are immediate from the 
definitions. 
Theorem 2.1. Let d and e be positive integers with d 2 e, and let f and g be defined 
on (3, 4, . . . } with f(i) 2 g(i) for all i. Then, for all n: 
(i) w(n) 3 q(n) 2= qf(,j(n) 2 0) apn-2(n). 
(4 4&l 2 4&b 
(iii) r-(n) 2 r,(n). 
Before proceeding, we will need the following lemmas. The first follows easily 
from Cramer’s rule. The other three appear in [5]. Note that Lemma 1 implies 
that p,-z(n) = p(n). 
Lemma 1. Let X = {x1, . . . , x,} be a p-sequence. Then there is a unique 
p,_,-function that generates X. 
Lemma 2. X is an n-term p,-sequence generated by A(x) = ax + b if and only if X 
has the form 
1 
n-2 
x,x+d,x+d+ad ,..., x+d 2 ai . 
i=O 1 
Lemma 3. Let n 2 3 and {x1, . . . , x,} be a pn-2-sequence generated by the 
p,_,-function A(x). Then for each nonnegative integer j, {x1, . . . , x,, A(x,) + 
jIIy:f (x, -xi)} is a p,_,-sequence generated by B(x) = zy=;’ bixi, where b,_, = j. 
All p,_,-sequences can be obtained from p,_,-sequences in this way. 
Lemma 4. Zf {x1, . . . , x,} is a p,_,-sequence generated by the p,_,-function A(x), 
then A(x,) CX,, + nyZf(~,_, -Xi). 
We next obtain an upper bound for r(n). 
Theorem 2.2. r(n) S n(n-2)!‘2 for n 2 5. 
Proof. It is known that q(5) = 85 (see [5]). I n order for a q-sequence of length 5 
to not be an r-sequence, it must be the case that its first four terms form a 
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p,-sequence but not an arithmetic progression. It is easy to check, using Lemmas 
2 and 3, that the least possible value of x5 for such a sequence occurs if 
X = { 1, 2, 4, 8, 184). Hence every q-sequence of length 5 in [l, 851 is actually an 
r-sequence. So r(5) = q(5), and the result holds for rr = 5. 
We proceed by induction on n. Thus, assume n 2 6 and that r(n - 1) 6 
(n - l)(n-3)!‘2. Let x be a 2-coloring of [l, r~(~-*)!‘*]. By the induction hypothesis 
there exists a monochromatic r-sequence X= {x1, . . . , x,_,} in [l, (n - l)(n-3)!n]; 
say X is colored 0. By Lemma 1, there is a p,_,-function, A, that generates X. 
Let 
n-2 
II = n (X,-l -Xi) 
i=l 
and 
S = {A(x,_l) +jl-I:j = 1,. , . , n} = {yl, . . . , y,}. 
By Lemma 4, 
Y, s X,-l + (n + 1)x;::. (1) 
It follows from the binomial expansion of (1 + l/(n - l))(n-2)!‘2 that n + 2 s 
(a/@ - I))@+/2 which implies that 
(n _ l)(n-3)!/2 + (n + I)(~ _ lp-2~2 s n(n-2~!12 
(2) 
Combining (1) and (2), 
Yn c n(n-2)!n* 
Thus, S c [l, rr(n-2)!‘2]. 
If x(Yi)=O for some Y,ES then by Lemma 3 {xi,. . . ,xn-i,yi} is a 
monochromatic r-sequence. If not, then S is a monochromatic arithmetic 
progression. In either case [l, r~@-~)!‘~] contains a monochromatic r- 
sequence. Cl 
As noted before, it is known that both ~,,__~(n) and q(n) are bounded above by 
n!(n-2)!‘2. The following improvement is immediate from Theorems 2.1 and 2.2. 
Corollary 2.3. q(n) G r~@-~)!‘~ and ~,,-~(n) S r~(~-~)!‘~ for rz 5 5. 
We now turn our attention to classes of sequences that still include the 
arithmetic progressions, but are smaller than those classes considered thus far; 
namely, the rf-sequences. We see from Lemma 3 that given m E H+, the greater 
the mangitude off, the fewer the number of rf-sequences of length n there are in 
(1, m]. For example, letting f(i) = i2, we have that, except for arithmetic 
progressions, ther are no r+equences of length 4 in [l, 341 (the non-arithmetic 
q-sequence of length 4 with the least value of x4 is {1,2,3,36} which is 
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generated by 16x2 - 47 + 33). Thus ri2(4) = 35, while r,(4) = r(4) = 21 (see Section 
3). 
From the next theorem we see that bounds like that of Theroem 2.2 can be 
obtained from types of sequences which, when they are not arithmetic progres- 
sions, grow much faster than r-sequences. 
Theroem 2.4. (i) Let A be a nonnegative integer, and f(i) = (i + A)! for i > 3. 
Then ry(n) c nc(n-2)! for 12 2 3, where c depends only on A. 
(ii) Let p be a positive real number, and f(i) = icl(i-2)!. Then, rf(n) s n!c(n-2)!, 
where c depends only on p. 
Proof. (i) Let n, be such that for all n 2 no, 
(n - 1)3 fi (n + k) C 2(n - 2)!. 
k=O 
(3) 
For each n < n,,, let c, > 0 satisfy 
2(n - 1)3 fi (n + k) = ci(n - 2)!. 
k=O 
(4) 
Let c,,~ = 2 and c = max,,,, c,. 
We now show by induction on n that rf(n) c nccne2)!. From the known values of 
w(n) the inequality holds for n = 3, 4, and 5. Now assume that n 2 6 and that 
the inequality is true for n - 1. Let x be a 2-coloring of [l, nc(n-2)!] and let 
m = (n - l)c@-‘)! + [(n + A)! + n](n - l)c(n-2)!. 
The proof will follow by showing that: 
(a) m ~rf(~-~)!, and 
(b) every 2-coloring of [l, m] contains a monochromatic rf-sequence of length 
n. 
The latter statement may be obtained in a straightforward manner by the 
same argument used in the proof of Theorem 2.2 (where we showed that 
~1, (n _ lp-3w + cn + l)tn _ lp--2wl contains a monochromatic n-term r- 
sequence). 
We now prove (a). By (3), (4)) and the definition of c we have 
(n+A)!G c”(n - V2 
2(n - 1)2 
for all n 
Note also that whenever n Z= 6. 
cn _ 1p--3P-~n-w + n c 1 + 
2(n-2)! 1_ 1 
n-l ( 2(n - 1) > . 
(5) 
(6) 
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Adding (5) and (6) leads us to 
(n _ lp-3)!-cn-w1 +(n+A)!+n 
- - - - < 1 + c(n 2Y + c(n 2)![c(n 2)! l] 
n-l 2(n - 1)2 
Hence, m s nccnp2)!, and (i) is proved. 
(ii) Let no > 3 with (n,, - 2)!~ 2 1. Obviously, there exists a c1 satisfying the 
theorem for n = 3, . . . , no - 1. For each n 3 n,,, let 
c = lo& O-2)! + n + 1) 
n log(n(“-2Y) . 
Let c = max{c,, c,,}. We will show that this c satisfies the theorem. As in the 
proof of (i), using induction, the proof reduces to showing that, for n 2 no, 
m < n 1c(n-*Y 
(7) 
where m = (n _ l)!““-3’f + (&‘@-2)! + n)(n _ l)c@-*)!. 
To prove (7), it suffices to show that 1 + n + TZ~(~-*)! G nccne2)!, i.e., that c, < c. 
This clearly holds for n = n,, so assume n > no. For n > n,, define 
& = log(n~(“-*)! + n + 1) - log(nP(“-2)!). 
Our strategy is to show that d, c d,,, which is easily seen to imply c, c c,,. 
By the Mean Value Theorem there exist a and b such that 
a > nP(n-*)! and b < n[(n0-2)! + no + 1 
with d, = (n + 1)/a and d,, = (n,, + 1)/b. Thus, to complete the proof, we need 
only show that 
We may 
n+l no+ 1 
&“-*Y -< n;(nO-*Y + n0 + 1 . 
assume n = no + 1, since for n b no + 1, 
n+2 <n+l 
(n + l)PWY - n!4(“-*Y . 
Since n0>3, we have 
(no + 2)(n~(no-2)! + no + 1) G (no + l)(n$““-‘)! + 2no + 1) 
G (no + l)(no + l)P(no-l)!, 
and this establishes (8) for n = no + 1, and (ii) is proved. 0 
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Remark 1. If A = 0 in Theorem 2.4(i), then (by 
can show that, for n 2 5, rf(n) c nc(n--2)! where 
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essentially the same proof) we 
c= 
log(178 + 726 H;‘=, (178 - i)) z o 6338743, 
24 log 6 
Remark 2. By imitating the proof of Theorem 2.4(i), one can show that the 
bound ~@-‘)!‘*, which was given for r(n) in Theorem 2.2, is also an upper bound 
for a smaller collection of sequences: the rf-sequences where f(i) = (i -- 3)!/2. 
In the following theorem we give upper bounds on rf(n) for some general 
classes of functions f, for which the non-arithmetic rf-sequences grow very fast. 
The proofs are similar to those of Theorems 2.2 and 2.4 and are straightforward, 
so we omit them. 
Theorem 2.5. Let t:{3, 4, 5,. . .}+=Z+. 
(i) Let t(3) 3 2, and t(i) 2 t(i - 1) + 1 for i 2 4. Zf 
f(i) = [f(i)]+*)! - 2, 
then 
q(n) s [t(n)]!‘“-“” for n 2= 4. 
(ii) Let t(i) 3 t(i - 1) + 1 for i 2 4. Zf 
f(i) = [t(i)](i-2)!‘2 - 2, 
then 
rf(n) 4 [t(n)]!‘“-““* for n 3 5. 
(iii) Let t(5) 2 2, and t(i) 2 t(i - 1) + 1 for i 3 6. Zf 
f(i) = [t(i)]@-*)!, 
then 
rf(n) 6 [t(n + l)]!‘“-“)! for n 2 5. 
(iv) Let t(5) 2 2, and t(i) 2 t(i - 1) + 1 for i 2 6. Zf 
f(i) = [t(i)](‘-*)!‘*, 
then 
rf(n) S [t(n + l)]!(n-2)!‘2 for n 2 5. 
Remark 3. In [5] it was shown that q(n) G n. 1(“-2)!‘2. We see from Theorem 2.5 
(ii) that the same bound works for a collection of sequences which is much closer 
to the class of arithmetic progressions than is the class of q-sequences. 
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Specifically, if 
f(i) = { ;+a - 2 ; z 43, 
then, for n 2 5, rf(n) G n!(“-*)!‘*. 
Remark 4. Each of the upper bounds obtained in this section also hold for 
slightly more restricted types of sequences. If we define a qd-sequence of length n 
to be a q,-sequence such that the leading coefficient of A(x) is in the set 
{d, d + 1,. . . ) d + n - l}, and define q-sequences accordingly, then precisely the 
same proofs that we gave for rf(n) also work for Q(n). 
3. Relating p(n) to w(n) 
In this section we consider the magnitude of the terms of non-arithmetic 
rf-sequences. By doing so, we show that if certain upper bounds were to hold for 
rf(n), then similar bounds would hold for w(n). In particular, we give such 
‘desired’ bounds for the types of Ramsey functions for which actual bounds were 
found in Section 2. 
We will need the following lemma, which shows that whenever n consecutive 
iterates of an (n - 2)nd degree polynomial having integer coefficients increase, 
then all succeeding iterates must also increase. We omit the proof, which appears 
in [6]. 
Lemma 5, Let n 2 3. Zf {x1, . . . , x,} is a p,_2-sequence generated by the 
p,_,-function A, then A”‘(x,) > A@-')(x1) for all i > 0. 
Obviously, every rf-sequence begins with an initial string that forms an 
arithmetic progression (at the least, the string has length 2). In the next theorem 
we give a lower bound for the nth term of non-arithmetic rf-sequences, which 
depends on the length of the initial arithmetic string. 
Theorem 3.1. Let X = {x,, . . . , x,} be an rf-sequence, but not an arithmetic 
progression, where f(i) 3 1 for i 2 4, and f (3) 2 2. Let m be the least integer such 
that {x1, . . . , x,} is not an arithmetic progression. Then 
x, _ x,_1 2 ((m _ 2)$n--2YW-*)!) fi [f (j)]@-*M-W. 
(9) 
j=lTl 
Furthermore, the larger the value of m, the smaller the right-hand side of (9). 
Proof. By Lemma 2, if n = 3 then X has the form {x, x + d, x + d + kd} with 
x, d E Z+ and k 3 f (3). So x3 - x2 2 f (3). 
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Now assume n 2 4. We use induction on n -m. If m = n we have 
{x1, . . . 9 x,-~} is of the form {x, x + d, . . . , x + (n - 2)d) with x, d E Z+. So by 
Lemma 3, since X is a qf(n)-sequence, 
n-1 
x, 3 x + (n - 1)d +f(n) l!z (x + (n - 2)d - [x + (i - 2)d]). 
Hence, 
n-1 
x, - x,_~ 3 d + df(n> iFz (n - 1) > (m - 2)!f(m). 
Now assume that n > m and that 
n-1 
x,_1 -x,-2 3 ((m - 2) !(n--3)!W--2)9 n [f(i)](n-3)!/(j-Z)! = M. 
(10) 
j=m 
By Lemma 1, there is a unique p,_,-function @ that generates {x,, . . . , x,_~}. 
Since X is an rf-sequence, it follows from Lemma 3 that 
n-2 
xn 2 @(xv1) +f(n) g (xv1 -xi)* 
By Lemma 5, $(x,+~) >x,_~. Thus, by (10) we have 
n-2 
X, -X,-l >f(n) n (xn-1 -xi) >f(n)M”-2, 
i=l 
which equals the right-hand side of (9). This completes the proof of the first part 
of the theorem. 
To prove the second assertion, let a, denote the right-hand side of (9). Then, 
since f(3) 2 2, 
_ = [f(m)](“-2YNm-2Y(m _ 2)!(n-2)!(m-Z)/(m-l)! > 1 
a, 
a,+, 
(m _ q(n-Z)!l(m-l)! 
for all m 3 3. 0 
Remark 5. Although we used the fact that f(3) 2 2 to prove the second statement 
in Theorem 3.1, this actually puts no restriction at all on the types of rf-sequences 
considered, since if f(3) = 1 we have an arithmetic progression anyway. 
We can see from Theorem 3.1 that if the first k terms of an n-term rf-sequence 
do not form an arithmetic progression (so that m s k) then 
x, > [(k - 2)1](n--2Mk--2)! ,c (f(j)(~-2YK-V)_ 
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Thus, for example, if it was known that r(n) 6 (n - 3)!“-*, then any 2-coloring of 
[l, (n - 3)!“-*] would contain a monochromatic arithmetic progression of length 
n - 1, and hence we would have w(n - 1) s (n - 3)!“-*. 
Many such sufficient conditions for the existence of a reasonable upper bound 
on w(n) stem from the following corollary of Theorem 3.1. 
Corollary 3.2. Let f : (3, 4, . . . } + Z+. Assume g : Z+ --, if+ is nondecreasing, 
takes on all values 3, 4, . . . , and satisfies 3 <g(n) s n for all n. For k 2 3, let 
h(k) = inf(g-‘( { k})). Then if 
rf(n) c [g(n) - 2]p-*Y’kw-21! jzQnj [f (j)](~-W-*Y 
(11) 
for all n ano, then 
h(n) 
,+,tn) s (n _ 2)![h(n)-*l!Kn-*)! n [f(j)][h(")-*l!'(j-*)! (12) 
for all n 2 h(n,). 
Proof. Represent the right-hand side of (11) by a,. If (11) holds, and we 2-color 
[l, a,,], it follows from Theorem 3.1 that there is a monochromatic arithmetic 
progression of length g(n) in [l, a,]. Hence w(g(n)) ~a, for all n 2 no. Thus 
w(n) S ahcn) for all n ah(n,) and (12) holds. 0 
We may apply Corollary 3.2 to the types of rf-sequences for 
were found in Theorems 2.2, 2.4, 2S(iii), and 2.5(iv), and 
corresponding results are obtained. 
Corollary 3.3. Let g and h be defined as in Corollary 3.2. Let 
G, = [g(n) _ ‘4!@--2)%?@0--21! 
and 
GA = (n - 2). ([h(n)--2]!l(n-2)! 
(i) Zf r(n) s G, for n 2 no, then w(n) =S GA for n 2 h(n,). 
(ii) Let f (i) = (i + A)!, with h E Z, I. b 0. Zf 
r-(n) c G, (j + A)!(n-*)!‘(j-*)! > for n 2 n,, 
which bounds 
the following 
then 
h(n) 
n (j + ~)!lWn)+WX--2Y for n 2 h(no). 
j=n 
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(iii) Let f(i) = P@-‘)! where p E II8 +. Zf 
n 
then 
r#) =G G, n jP(“_-2)! for It 3 no, 
i=&) 
h(n) 
w(n) < G; n jP’h(“)-2’! for n 2 h(n,). 
j=n 
(iv) Let f (i) = [t(i)lcip2)! with t(i) E Z+. Zf 
rj4n) s G, jz;“, [t(i)l’“-2’! for n z= no, 
then 
h(n) 
w(n) s G:, fl [t(j)]‘h’“‘-2’! for n 2 h(no). 
(v) Let f (i) = [t(i)](i-2)!‘2 with t(i) E Z+. Zf 
r~(n) s G, jz$j, [t(j)]‘“-2’!‘2 for n 2 no, 
then 
h(n) 
w(n) < GA n [t(j)][h’“‘-21!‘2 for n a h(n,). 
j=n 
Finally, we consider the functions f which were used in Theorems 2.5(i) and 
2S(ii). 
Theorem 3.4. Let t(i) 32 for i 2 3. Let fi(i) = [t(i)]@-‘)! - 2 and h(i) = 
[t(i)](i-2)!‘2 - 2. Let a1 = 1 - 2-23 and cu, = 1 -2-l’. Then for each k = 1, 2 we 
have: ifX={x,, . . . , x,} is an %-sequence, but not an arithmetic progression, 
and m is least such that {x,, . . . , x,,,} Is not an arithmetic progression, then, for all 
m 36, 
x, -x,-~ 3 cyk(n - 2)![t(n)t(n - 1) - - * t(m)]‘“-2’!. 
Proof. We give the proof for fi, as the proof for f2 is essentially the same. Let T 
and S denote [t(n)lCEP2’! and [aI(n - 3)!lnP2, respectively. Using induction on 
n-m, we begin with the case n=m. Then {xl,...,x,-l}={a,a+d,...,a+ 
(n - 2)d) with a, d E Z+. So by Lemma 3, x, 2 a + (n - 1)d + (n - 2)!(T - 2). 
Now since T/(T - 2) =S 224/(224 - 2), we have 
x 
n 
_-x _ 3(n-2)!T(224-2) 
n 1 
224 
> 
which is the inequality we wanted. 
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Now assume that n > m and that 
X,-l -X,-2 2 cui(n - 3)![t(n - 
Hence, by Lemma 3, 
Landman 
1) . . . *(m)]‘“-3’!, 
x, -x,-i 2 (T - 2)s[t(n - 1) - - * t(m)]‘“-*“. (13) 
Denote by Y the right-hand side of (13). It suffices to show that for n 2 6, 
(Yi(n - 2)![t(n) . . - t(m)](“-2)! c Y, (14) 
since combining (13) and (14) will yield the desired inequality. To see that (14) 
holds, note that, since n 2 6, (n - 2)! G S. Thus 223a1(n - 2)! < 223S - S and 
hence, since T 2 2”, 
2s < T[S - cxI(n - 2)!]. 
This last inequality implies (14), which completes the proof. 0 
The next corollary follows in the same manner as Corollary 3.2. 
Corollary 3.5. Let fi, f2, cxl, and a2 be defined as in Theorem 3.4, and let g and h 
be deJined as in Corollary 3.2. Then for k = 1, 2: if 
rfk(n) S lyk(n - 2)![t(n)(n - 1) . . . t(g(n))](“-2)!6t for n 2 no, 
then 
w(n) s cu,(h(n) - 2)![t(h(n))t(h(n) - 1) * * * t(n)](h(“)-2)!6* for n 3 h(n,), 
where h1 = 1 and h2 = 4. 
To emphasize how narrow the gaps are between the desired upper bounds for 
rf(n) given in Corollaries 3.2, 3.3, and 3.5, and the actual upper bounds found in 
Section 2, we conclude this section with a few examples. 
(1) In Section 2 it was noted that for f(i) = i!, rf(n) 6 nccn-‘)! where c = 
0.63387473. On the other hand, according to Corollary 3.3(ii) (using g(n) = 
max(3, Ifid}), if this bound could be improved to 
(fi _ 2)(“-2)!1(1’5+2)! f, k!(W-2)!@-2)! 
k=lV7ll 
where 1 ] denotes the greatest integer function, then we would have 
w(n) s (n _ 2)!(nz-2)W-2)! fi j!(n*-2)!K-2)!_ 
j=n 
(2) By Theorem 2S(iii), if f(i) = i(i-2)!, then rf(n) s (n - 1)!(“-2)!. By 
Corollary 3.3(iii), sharpening this to 
(n _ 4)!(n-2)(~--3) [n(n - l)(n - 2)](“-*)! 
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Table 1 
np 4 r % % % w 
3777 9 7 9 9 
4 20 21 21 35 35 35 35 
5 67 85 85 178 178 178 178 
3 
would imply that 
w(n) S n!“(“_‘) [n(n + l)(n + 2)]“!. 
(3) From Theorem 2.5(i) we know that if f(i) = i@-‘)! - 2, then rf(n) =S PZ!(“-~)!. 
Applying Corollary 3.5, we see that by improving this bound to 
(1 - 2-23)(n - 2)!{n(n - 1) * * . [n1’d]}(n--2)!, 
where d is any positive integer, we would then conclude that 
w(n) G (1 - 2P3)(nd - 2)!{nd(nd - 1) . . . n}(nd-*)!. 
4. Exact values 
In Table 1 we give the known values for w(n), p(n), q(n), and rf(n) for 
selected functions f. We let fr(i) = i!, f2(i) = $-*)! - 2, and f3(i) = i(i-2)!. 
The values for w(n) were taken from [2] and [9], those for p(n) from [7], and 
those for q(n) from [5]. 
It follows from the definitions that every q-sequence of length 3 or 4 is also an 
r-sequence. Thus r(3) = q(3) and r(4) = q(4). The reason that r(5) = 85 is 
explained in the proof of Theorem 2.2. 
The values of $(3) for j = 1, 2, 3 were found by using the algorithm of [9]. By 
Lemma 3 it may be checked that there are no non-arithmetic r6-sequences 
(j = 1, 2, 3) of 1 ength 5 in [l, 1771. Thus, w(5) = 178 implies r~(5) = 178. The 
same argument shows that rf,(4) = rf(4) = w(4). 
There are, however, some %-sequences of length 4 in [l, 341. They are all of 
form {x, x + 1, x + 2, x + 31) or {x, x + 1, x + 2, x + 33). In [9] the authors list 
those 2-colorings of [l, w(n) - l] which do not contain any monochromatic 
n-term arithmetic progressions. A check of those 2-colorings of [l, 341 for n = 4 
reveals that none of them contains either of the two forms described. Thus 
rf(4) = w(4) = 35. 
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